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ABSTRACT: Discrete models obtained from computer simulation are in increase use
to study solvent effects. The approach consists of generating supermolecular structures
for quantum mechanical calculations. The properties of the solute are calculated as an
ensemble average over configurations generated by the simulation. An analysis of the
efficiency of the simulation shows that the number of configurations necessary for the
ensemble average can be reduced drastically. As an application to solvatochromism, the

1 Ž U.calculated spectral shift of the B p y p transition of benzene in water is shown to be2u
the same whether it is calculated with many but correlated configurations or with just a
few uncorrelated configurations. Q 1998 John Wiley & Sons, Inc. Int J Quant Chem 66:
249]253, 1998

Introduction

t has long been recognized that solvent effectsI would be a central topic in theoretical physical
w xchemistry 1 . This is, of course, a simple recogni-

tion that most experimental data are obtained in
solution. An approach that is gaining increased
popularity is the use of Monte Carlo or molecular
dynamics simulation to generate supermolecular
structures of the solute surrounded by the solvent
molecules that are used next in quantum mechani-

Ž . w xcal QM calculations 2]5 . As the liquid has many
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Žstructures or configurations geometrical arrange-
.ment of the molecules equally possible at a cer-

tain temperature, some sort of ensemble average is
necessary to describe the system in the liquid
phase. However, as the simulation produces sev-
eral thousands of configurations, the subsequent
QM calculation is not feasible if the number of
necessary configurations is not greatly reduced.

w xSome investigators 3 have simply substituted the
discrete solvent molecules by classical point
charges. This procedure neglects all the effects of
solvent polarization. Consideration of the solvent

w xpolarization is indeed necessary 2, 6 . Obviously,
the number of solvent molecules around the solute
has also to be drastically reduced but this can be
judiciously done by including solvation shells ac-
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cording to the pair radial distribution function
Ž . w xRDF 5 . We seek a statistical procedure based on
the concept of efficiency of the simulation to re-
duce the number of configurations included in the
QM calculations, as the intention is to treat the
solute, the solvent, and its interaction by quantum
mechanics. Therefore, in this article, we suggest
that instead of performing QM calculations in ev-

Ž .ery configuration generated by the Monte Carlo
simulation this can be performed only on a few
uncorrelated configurations without compromis-
ing the final average result. We demonstrate that
this can be accomplished with the use of a quan-
tity that measures the statistical inefficiency. As
the working example, we use the interesting case

Ž U .of the solvatochromic shift of the first B p y p2 u
absorption band of benzene in water.

Monte Carlo Simulation and
Statistical Inefficiency

Ž . w xThe Monte Carlo MC simulation 7 is carried
out with N rigid molecules in a cubic box of
volume V at a fixed temperature T using the

w xMetropolis sampling technique 8 . The inter-
molecular potential is described by the sum of the
Lennard-Jones and Coulomb potential

12 6on a on b s s q qi j i j i j
U s 4e y q ,Ý Ýab i j 2ž / ž / Ž .r r 4pe ri j i j oi j

Ž .1

where Ýa is the sum over the atoms of molecule a;
Ýb is the sum over the atoms of molecule b; r isi j

the distance between atoms i and j; e s e e'i j i j

and s s s s ; and s , e , and q are the poten-'i j i j i i i

tial parameters of atom i.
The average value of the energy is given as the

average over a chain of size t of instantaneous
values:

t1
² : Ž .U s U , 2Ý it i

and the error caused by the finite size of the
simulation can be obtained as

1
2Ž² :. ² : Ž .s U s dU , 3(

t y 1

where

t1 2 22 2² : Ž ² :. ² : ² : Ž .dU s U y U s U y U 4Ý it i

is the variance of U. Clearly, if t approaches
infinity, s approaches zero.

The number t of MC configurations necessary
for the ensemble average can be reduced dramati-
cally over the entire number of MC steps without
modifying the calculated average energy. This is a
consequence of the high correlation between suc-
cessive MC configurations generated from simula-
tions of dense systems such as liquids. The changes
between successive configurations are small and
cause high correlation between them. Using corre-
lated configurations is, of course, a waste that does
not contribute to the average. An analysis of the
efficiency of the simulation shows how many MC
steps are necessary to uncorrelate the configura-
tion. This can be done by calculating the statistical

Ž .inefficiency or the time or step correlation func-
w xtion 5, 7 .

The statistical inefficiency adopted here is that
w xdefined by Friedberg and Cameron 9 , and it is

based on the mean-square deviations of averages
taken over blocks of a chain of successive configu-
rations. Dividing the chain of configuration in nb
blocks with t successive configurations, whereb
t s n t , then the average taken over the bth blockb b
is

bend1
² : Ž .U s U , 5Ýb itb isbstart

Ž .where b s b y 1 n q 1, b s bt , and b canstart b end b
assume values from 1 to n . The mean-squareb
deviation of averages taken over the blocks is

nb1 22² : Ž² : ² :. Ž .dU s U y U 6Ýb bnb bs1

and the statistical inefficiency s is

² 2:t dU bb Ž . Ž .s s lim s lim S t , 7b2² :dUt ª` t ª`b b

² : ² 2:where U is the average and dU is the vari-
ance over the chain of the whole simulation as

Ž . Ž . ² :shown in Eqs. 2 and 4 , while U is the aver-b
² 2:age and dU is the variance over the blocks.b

Ž .For chains of correlated configurations, S t willb
increase with increasing t until it approaches ab

Ž .limiting value s. The limiting value of S t signi-b
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fies that the block size t has become so large thatb
there is no correlation from block to block. How-

Ž .ever, for finite chains t s n t , as the block sizeb b
t increases, the number of blocks n decreasesb b
and it generates an increased error in the calcula-

Ž .tion of S t and, consequently, an imprecision inb
the estimate of the best value of s. Therefore, an
analysis of s with respect to the size of the chain t
is very important.

For chains of uncorrelated configurations, Eq.
Ž .3 is substituted by

1
2Ž² :. ² : Ž .s U s dU , 8(n y 1

where n s trs. In that way, one can see that for a
finite simulation the error of a property U is the
same if one takes t successive configurations or,
equivalently, trs configurations separated by s
MC steps. Thus, for a given simulation, obtaining
ensemble averages over trs uncorrelated configu-
rations is the same as over the entire number of
configurations generated.

Results

Our working example to illustrate the favorable
use of the statistical inefficiency is the solva-

Ž U .tochromic shift of the first absorption B p y p2 u
w xband of benzene in water. We simulate 10 one

benzene surrounded by 343 water molecules in the
NVT ensemble at T s 258 and r s 0.9966 grcm3.
We use the potential parameters suggested by
Jorgensen and coauthors: the SPC model for water
w x w x w11 and the OPLS model for benzene 12 e sC

˚0.110 kcalrmol, s s 3.750 A, q s 0, e s 0,C C H
˚ ˚s s 0, q s 0, r s 1.400 A, r s 1.088 A,H H CC C H

Ž . Ž . xu CCC s u CCH s 1208 . The cutoff radius is
˚r s 10.92 A and we save 20,000 successive config-c

urations.
To reduce the number of solvent molecules for

the QM calculations, we use the RDF of the car-
bons of the benzene and oxygens of the water. The
integration of the first peak gives the number of
solvent molecules that compose the first solvation
shell. In this case, the first shell has 18 water
molecules.

All QM calculations reported next are made at
the semi-empirical level using the ZINDO pro-

w xgram 13 . The energy shift D E is obtained for
each supermolecule using singly excited CI with

spectroscopic parametrization. In each configura-
tion, only the benzene and the 18 water molecules
that are the nearest neighbors will be considered
as the supermolecule for our QM calculation.

In the statistical inefficiency analysis, we sys-
Ž . Ž .tematically use Eq. 7 to calculate the S t . Inb

Ž .Figure 1, we show the behavior of S t vs. t forb b
chains of different sizes. We obtain the statistical
inefficient, s s 800 " 100 MC steps. Now, based
on this statistical inefficiency, we select from the
20,000 saved configurations a set of 25 configura-
tions separated by 800 MC steps, e.g., a set of 25
uncorrelated configurations. To show that statisti-
cal information is not lost in this procedure, we

Ž U .calculate the ensemble average of the B p y p2 u
absorption transition of benzene in water for the
entire simulation along with several sets of 25
uncorrelated configurations. For the entire simula-
tion, we obtain a red shift compared to the gas

² : y1phase of D E s y122 " 15 cm , which is in
excellent agreement with the experimental shift of
D E s y140 cmy1 obtained by Bayliss and Hulme
w x ² :14 . The calculated values of D E for different
sets of 25 uncorrelated configurations are shown in
Table I. As we see, it not only produces the same
results obtained above for the entire simulation
but also it is irrelevant which particular set of 25
configurations is used. In Figure 2, we show the
distribution of the D E obtained for each super-i

² :molecule used in the calculations of D E pre-
sented in Table I. Finally, we used this approach
successfully for the solvatochromism of benzene in
several solvents and of acetone in water.

Conclusions

In this article, the statistical inefficiency of a
Ž .Monte Carlo MC simulation is obtained. This can

be used in the calculation of any thermodynamic
property, giving a great reduction in the number
of configurations necessary for the ensemble aver-
age. As the ensemble average is also necessary in
the calculation of solvent effects, this reduction in
the total number of expensive QM calculations can
be made in a systematic way, without compromis-
ing the final average result.
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( )FIGURE 1. The behavior of S t vs. t for chains of different sizes. The boldface lines represent the asymptoticb b
( ) ( )behavior of correlated blocks dashed and uncorrelated blocks solid . The estimated statistical inefficiency is

s = 800 " 100 MC steps.

FIGURE 2. The distribution of spectral shift, DE , calculated with selected configurations. The solid line is thei
² : y1 [ ]averaged spectral shift DE = y122 " 15 cm and the dashed line is the experimental result 14 , DE = y140

cmy1. The different symbols represent sets 1 ]4 as shown in Table I.
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TABLE I
( U)Calculated shift of the B p y p transition of2u

benzene in water.

y1² : ( )Set DE cm

1 y124
2 y120
3 y114
4 y131

The displayed shifts are the average over 25 uncorrelated
( )configurations 1 C H + 18 H O . In all sets, the selected6 6 2

configurations are separated by 800 MC steps and the
difference between them is the first selected configuration,
e.g., set 1 is composed of the following configurations: 1,
801, 1601, 2401, . . . ; set 2: 201, 1001, 1801, . . . ; set 3: 401,
1201, 2001, . . . ; and set 4: 601, 1401, 2201, . . . .
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